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We study the formation of three-string junctions between (p, q)-cosmic superstrings, and collisions
between such strings and show that kinematic constraints analogous to those found previously for
collisions of Nambu-Goto strings apply here too, with suitable modifications to take account of
the additional requirements of flux conservation. We examine in detail several examples involving
collisions between strings with low values of p and q, and also examine the rates of growth or
shrinkage of strings at a junction. Finally, we briefly discuss the formation of junctions for strings
in a warped space, specifically with a Klebanov-Strassler throat, and show that similar constraints
still apply with changes to the parameters taking account of the warping and the background flux.
PACS numbers:
I. INTRODUCTION
One of the most plausible scenarios leading to the formation of cosmic strings [1, 2] is that of brane inflation [3].
In these models, the inflaton field is the distance between a D3-brane and an anti-D3-brane. There is an attractive
Coulombic potential between them, which may lead to a slow-roll inflation. In models of warped brane inflation [4],
the fine-tunning problem associated with the flatness of the potential in the original models of brane inflation may
be less severe. Furthermore, due to warping the tension spectrum of cosmic superstrings, µ, is much smaller than
the naive expectation, m2s, where ms is the mass scale of string theory. Consequently, Gµ, the dimensionless number
measuring the tension of cosmic superstrings in units of the Newton constant, G, can be lowered below the current
observational bounds [5, 6].
A brane collision creates both fundamental (F-) strings and D-strings (D1-branes), as well as (p, q)-strings, com-
posites of p F-strings and q D-strings [7, 8]. When cosmic superstrings of different types collide, they can not
intercommute, instead they exchange partners and form a junction. This is a simple consequence of charge conserva-
tion at the junction of colliding (p, q)-strings and is in contrast to ordinary Abelian gauge strings, where two colliding
strings usually exchange partners and intercommute with the intercommutation probability of order unity. Most
work done to date on cosmic strings has involved such abelian strings because of the possibility that they could have
formed in the early universe as a result of phase transitions possibly associated with the GUT scale. The interest in
strings with junctions has been more at the level of a curiosity although earlier work has considered them in relation
to monopoles connected to strings [9] and in terms of non-abelian gauge theories [10, 11]. However, it has been the
recent realisation that there could be superstrings of comic length that has prompted people to take seriously the
implications of junction forming strings, in particular could there be observational smoking guns that would enable
us to determine whether they really exist? It is primarily this prospect which motivates us to consider the kinematics
∗Electronic address: ed.copeland@nottingham.ac.uk
†Electronic address: firouz@hep.physics.mcgill.ca
‡Electronic address: kibble@imperial.ac.uk
§Electronic address: steer@apc.univ-paris7.fr
ar
X
iv
:0
71
2.
08
08
v1
  [
he
p-
th]
  5
 D
ec
 20
07
2associated with (p, q) strings.
Previous studies [12, 13, 14] dealt with three-string junctions between Nambu-Goto (NG) strings. However (p, q)-
strings carry fluxes of a gauge field and are therefore described instead by the Dirac-Born-Infeld (DBI) action.
Constraints arise not only from conservation of energy and momentum but also from charge conservation.
Our aim here is to study how this difference affects the behaviour of strings at junctions. A very important feature
of the DBI action is that, as in the NG case, it is reparametrization invariant; because of that, many of the previous
results carry over, but with important changes. Throughout, we work in the probe-brane approximation, neglecting
back-reaction on the space-time metric. The layout of the paper is as follows: in section II we derive the required
equations of motion and charge conservation conditions for (p, q) strings at a junction; and in section III we show
that it is consistent to write everything in the temporal gauge. This is followed in section IV by a detailed analysis
of the collision of strings with different charges, meeting at an arbitrary angle and relative velocity. In particular we
derive analytic expressions which show the conditions under which junctions can form in terms of the string tensions,
as well as their angle and speed of approach, including some specific examples. In section V we extend our analysis
to include the collision of cosmic superstrings in a warped throat, making the calculation applicable to the string
motivated models of warped brane inflation. Finally we conclude in section VI, where some comments on average
properties of the network are also given.
II. EQUATIONS OF MOTION AND CHARGE CONSERVATION
In this section we set up the equations of motion for charged (p, q)-strings meeting at a junction, and discuss
the question of gauge fixing. Consider first a single (p, q) string evolving in a flat target space-time metric ηµν
(µ = 0, . . . , 3), with position Xµ(σa) where the two worldsheet coordinates are σa = (τ, σ). The induced metric on
the string worldsheet, γab, is given by
γab = ηµνXµ,aX
ν
,b. (1)
Similarly to the Nambu-Goto action, the DBI action enjoys world-sheet reparametrization invariance. Thus two of
the three degrees of freedom of γab can be eliminated by imposing the conformal gauge; that is choosing {τ, σ} such
that γab exhibits explicitly the conformal flatness common to all 2D spaces:
X˙2 +X ′2 = 0, X˙ ·X ′ = 0. (2)
The prime and over-dot denote derivatives with respect to σ and τ respectively and the inner products in (2) is defined
via the metric ηµν with the signature (+,−,−,−). As we shall show later, it is also consistent to impose the temporal
gauge condition, choosing the temporal world-sheet coordinate τ to coincide with the global time coordinate X0. For
the moment we do not impose this condition.
As discussed in [15, 16], a (p, q)-string is a bound state of p fundamental strings, F-strings, and q D1-brane, D-
strings, where p and q are integer coprime numbers. Alternatively one can view the (p, q)-string with q 6= 0 as p units
of electric flux dissolved on the world volume of q coincident D-strings. In flat-space time and in the absence of the
background fluxes the Chern-Simons terms vanish and the action is given by the DBI part. Working in the conformal
gauge (2), the action for the (p, q)-string is [16]
S = −µ
∫
dτ dσ
√
−|γab + λFab| = −µ
∫
dτ dσ
√
−X ′2X˙2 − λ2F 2τσ, (3)
where µ = |q|/(gsλ) is the tension of q coincident D-strings, λ = 2piα′ and gs is the perturbative string coupling. The
electric flux p is given by p = ∂L/∂Fτσ where S =
∫
dσL.
Now consider three cosmic (pi, qi)-strings (labeled by index i = 1, 2, 3) meeting at a junction. The action for the
system is
S = −
∑
i
µi
∫
dτ dσ
√
−X ′2i X˙2i − λ2F iτσ2θ (si(τ)− σ)
+
∑
i
∫
dτ
(
fi ·
[
Xi(si(τ), τ)− X¯(τ)
]
+ gi
[
Aiτ (si(τ), τ) + s˙iA
i
σ(si(τ), τ)− A¯(τ)
])
(4)
where fµi and gi are the Lagrange multipliers, and
µi =
|qi|
gsλ
. (5)
3The fµi term imposes that the position X
µ
i (si(τ), τ) of the end-point of each of the three strings (as imposed by the
theta function in σ) coincides with the position X¯µ(τ) of the vertex. The gi term performs a similar task for the U(1)
gauge potential Aia, ensuring that its component tangent to the vertex worldline coincides with the single component
of the gauge potential A¯ confined to the worldline. The action is invariant under the U(1) gauge transformation
Aia → Aia − ∂aΛi for a = (τ, σ), provided that we also make the transformation
A¯→ A¯− (d/dτ)Λ¯,
with the identification
Λ¯(τ) = Λi(si(τ), τ),
which ensures that the Λi from the different legs match up correctly.
The equations of motion for the gauge field components Aiτ and A
i
σ respectively are (no summation over i)
µi∂σ
λ2F iτσθ (si(τ)− σ)√
−X ′2i X˙2i − λ2F iτσ2
= −giδ(si − σ), (6)
µi∂τ
λ2F iτσθ (si(τ)− σ)√
−X ′2i X˙2i − λ2F iτσ2
= gis˙iδ(si − σ). (7)
The equation of motion for Xµ is
µi
∂τ X ′2i X˙µi θ (si(τ)− σ)√
−X ′2i X˙2i − λ2F iτσ2
+ ∂σ
X˙2iX
′µ
i θ (si(τ)− σ)√
−X ′2i X˙2i − λ2F iτσ2
 = fµi δ(si − σ). (8)
The electric flux pi along each string, determining the number of F-strings on the D-string world volume, is given by
pi = δL/δFi τσ, which gives
pi =
λ2µiF
i
τσ√
−X ′2i X˙2i − λ2F iτσ2
. (9)
From equations (6) and (7) we see that ∂τpi = ∂σpi = 0. This is a manifestation of the fact that in 2-D the gauge
field equations are trivial.
Now define
µ¯i =
√
λ2µ2i + p
2
i =
√
p2i +
q2i
g2s
(10)
which, as we show below, is nothing other than the tension of the ith string (up to a factor of λ). Then from Eq. (9)
one obtains that
λF iτσ = −
pi
µ¯i
X ′i
2
, (11)
where the minus sign comes from the fact that in Eq. (9) both F iτσ and pi have the same sign while from Eq. (2) we
have X ′i
2 = −X˙2i < 0. Furthermore √
−X ′2i X˙2i − λ2F iτσ2 = −
λµi
µ¯i
X ′i
2
. (12)
Using this in the equation of motion for Xµ we find
X¨µi −Xµi ′′ = 0, (13)
with the following boundary condition at σ = si(τ):
µ¯i(X
µ
i
′ + s˙iX˙
µ
i ) = −λfµi . (14)
4Similarly, the boundary conditions from Eqs. (6) and (7) imply
gi = pi. (15)
On the other hand, varying the action with respect to X¯, A¯τ and A¯σ, respectively, yields∑
i
fµi =
∑
i
gi = 0. (16)
Using these in equations (15) and (14), one obtains the following conservation laws:∑
i
µ¯i(X
µ
i
′ + s˙iX˙
µ
i ) = 0, (17)
and ∑
i
pi = 0. (18)
Physically (18) indicates the electric flux conservation at the junction. With this convention, all fluxes are flowing
into to the junction.
Varying the action with respect to the Lagrange multipliers fµi and gi respectively imposes the desired constraints
for the fields at the junction σ = si(τ);
Xµi (si(τ), τ) = X¯
µ, Aiτ (si(τ), τ) + s˙iAiσ(si(τ), τ) = A¯(τ), (19)
where the second equation is subject to the U(1) gauge invariance as described previously. Finally, one can check
that the equation coming from the variation of the action with respect to si is automatically satisfied
δS
δsi
=
∫
dτ
(
−µi
√
−X ′2i X˙2i − λ2F iτσ2 + fiµX ′µi + giA′iτ − gi∂τAσ
)
= 0, (20)
where all quantities labeled by indices i are evaluated at σ = si(τ). To obtain the final result equations (11), (12),
(14) and (15) were used.
Motivated by electric flux conservation (18), one expects the same conservation law for the D-string charges:∑
i qi = 0. To see this, recall that D-strings are charged under the Ramond-Ramond two-form C(2) via the Chern-
Simons part of the action [16]
SiCS =
qi
2λ
∫
dτ dσ ab∂aX
µ
i ∂bX
ν
i C(2)µν . (21)
The action also contains the kinetic energy for C(2). This action is invariant under the gauge transformation
C(2)µν → C(2)µν + ∂µΛν − ∂νΛµ. (22)
Under this gauge transformation, the sum of the Chern-Simons terms for the three strings at the junction transforms
according to
δSCS = −
∑
i
qi
λ
∫
dτΛµ
dXµi (si, τ)
dτ
= −
∑
i
qi
λ
∫
dτΛµ
dX¯µ
dτ
.
In order to keep the action invariant under the gauge transformation (22), we require∑
i
qi = 0, (23)
as expected.
In our analysis so far we assumed that qi 6= 0 so a (p, q)-string is obtained by turning p units of electric flux on the
world volume of q D-strings. If q = 0 for some strings, then in Eq. (3) one replaces µ by the tension of p F-strings,
p/λ, with no gauge field on the world volume. All our results, namely equations (18) and (23) go through, while for
(p, 0) strings, µ¯ is still given by (10) with q = 0.
5III. TEMPORAL GAUGE
So far we have imposed the conformal gauge (2): one may ask whether this fixes the gauge completely, or whether
(as for NG strings in Minkowski space) it is also possible to impose the temporal gauge condition X0 = t = τ . In this
section we show that the temporal gauge is consistent with the above equations of motion.
In the temporal gauge conditions (2) reduce to
x˙2i + x
′2
i = 1, x˙i · x′i = 0, (24)
where Xµi = (t,xi). Consider first the µ = 0 component of (17) which, in the temporal gauge (with · = d/dt) gives
the constraint ∑
i
µ¯is˙i = 0. (25)
This is nothing other than energy conservation at the vertex: the energy required to create new strings balances the
energy recovered from the disappearance of the old. To see this explicitly, let us calculate the Hamiltonian of the
system. Starting first for a single (p, q) string, from the Lagrangian S =
∫
dσL defined from Eq. (3), and using (11)
and (12), one obtains
H = pFτσ + x˙∂L
∂x˙
− L = µ¯
λ
. (26)
Thus the tension of the (p, q) string is given by T = µ¯/λ, while the total energy of the 3-string system with junction
is
E =
1
λ
∑
i
∫ si(t)
dσ µ¯i. (27)
Eq. (25) is simply dE/dt = 0.
Now we show that Eq. (25) can be satisfied without imposing extra constraints on the system, and hence that the
temporal gauge can always be imposed. Denote the spatial component of X¯(t) by x¯. On multiplying the spatial
components of (17) by ˙¯x one obtains ∑
i
µ¯i (x′i + s˙ix˙i) · ˙¯x = 0. (28)
Now, the derivative of xi(si(t), t) = x¯ is
x˙i + s˙ix′i = ˙¯x (29)
which, combined with Eq. (24), gives
x′i · ˙¯x = s˙ix′2i , x˙i · ˙¯x = x˙2i . (30)
Using these identities in Eq. (28), one obtains∑
i
µ¯is˙i(x′2i + x˙
2
i ) =
∑
i
µ¯is˙i = 0. (31)
This indicates that Eq. (25) can be satisfied automatically and one can choose the temporal gauge without imposing
extra constraints on the system.
Finally we note that the spatial components of (17) yield the following equations for µ¯i(1− s˙2i ):∑
i
µ¯i(1− s˙2i )x′i = 0. (32)
One immediate corollary of this equation is
x′1 · (x′2 × x′3) = 0, (33)
which indicates that the x′i are coplanar at the point of the junction.
6IV. CONSTRAINTS ON (p, q)-STRING JUNCTION FORMATION
In this section we apply the above formalism to study the collision of strings with charges (p1, q1) and (p2, q2)
meeting at an angle α and traveling with equal and opposite velocities v. When the strings collide, they may become
linked by a string with charges (p3, q3) = −(p1 + p2, q1 + q2). Here we show that strong kinematic constraints apply
to this process, coming from the requirement that the length of the joining string must increase in time. We then
give specific examples in the following subsections.
In [12, 13] the same question was addressed for the collision of NG strings with tensions µ1 and µ2 (the NG limit
for (p, q) strings in the following analysis can be obtained by setting p = 0 and µ¯ = µ). There the procedure was to
write the solution of the wave equation (13) in terms of ingoing and outgoing waves;
xi(t, σ) =
1
2
[ai(σ + t) + bi(σ − t)] , (34)
where, from the temporal gauge conditions (24)
a′2i = b
′2
i = 1. (35)
The amplitude of the ingoing waves b′i are fixed by the initial conditions and it was shown that one can solve for s˙i in
terms of these. Causality (or more specifically the requirement that |s˙i| ≤ 1) imposes that the µi satisfy the triangle
inequalities, namely that for all i
νi ≥ 0 (36)
where, for example,
ν1 = µ2 + µ3 − µ1 (37)
(and cyclic permutations).
Using the equations derived in previous sections, it is straightforward to see that the procedure detailed in [13] goes
through in exactly the same way provided a) one makes the replacement
µi → µ¯i, (νi → ν¯i) (38)
in the equations of [13], where µ¯i is given in terms of pi, qi and gs in Eq. (10); and b) one imposes the two charge
conservation conditions (18) and (23). An immediate collorolary of this is that (p, q) strings meeting at a junction
automatically satisfy the triangle inequalities between the µ¯i, namely ν¯i ≥ 0.
Also we note that if gs  1 then
µ¯i ' |qi|
gs
(
1 +
g2sp
2
i
2q2i
)
, qi 6= 0. (39)
As expected, in this case the D-strings are much heavier than F-strings, by a factor of g−1s . Furthermore, the binding
energy of a (p, q)-string is almost equal to the total tension of p F-strings:
µ¯(0,q) + µ¯(p,0) − µ¯(p,q) ' µ¯(p,0) −O(gs).
Now consider two strings of tension µ¯1 and µ¯2 parallel to the xy-plane but at angles ±α to the x-axis, and
approaching each other with velocities ±v in the z-direction. Before the collision (for t < 0) we take
x1,2(σ, t) = (−γ−1σ cosα,∓γ−1σ sinα,±vt), (40)
where γ−1 =
√
1− v2. As in [12, 13], we may distinguish two cases: the formation of an x-link in which the two
segments of the original strings in the positive-x region are joined to one end of the third, linking string, and a y-link,
where it is the two segments in the positive-y region that are joined. We consider here the formation of an x-link and
the signs are chosen such that σ increases towards the junction. Thus
a′1,2 = (−γ−1 cosα,∓γ−1 sinα,±v),
b′1,2 = (−γ−1 cosα,∓γ−1 sinα,∓v). (41)
7At the collision, t = 0, we suppose that the strings bind with the formation of an x-link. We suppose the new string
is oriented at an angle θ to the x-axis and moves along the z-direction with the velocity u; therefore
x3(σ, t) = (γ−1u σ cos θ, γ
−1
u σ sin θ, ut), (42)
and
b′3 = (γ
−1
u σ cos θ, γ
−1
u σ sin θ,−u). (43)
As shown in [13], one finds that
u
v
=
tan θ
tanα
(44)
whereas u is determined by the following equation:
(µ¯2− sin
2 α)u4 +
[
µ¯23(1− v2) + µ¯2−(v2 cos2 α− sin2 α)
]
u2 − µ¯2−v2 cos2 α = 0 (45)
where µ¯± = µ¯1 ± µ¯2. It can be checked that this algebraic equation always has one positive root for u2; furthermore
u2 < v2, a result which will be used later.
The condition for junction formation is s˙3 > 0; that is the length of the joining string should increase in time. This
will only be satisfied in certain domains of the (α, v) plane which we now determine. One easy way to calculate s˙3 is
as follows. Eliminating a′i in terms of b
′
i and ˙¯x in Eq. (29), from the spatial component of Eq. (17) one obtains∑
i
µ¯i(1− s˙i)b′i = −µ¯ ˙¯x, (46)
where µ¯ = µ¯1 + µ¯2 + µ¯3. Since x¯(t) = x3(s3(t), t) then
˙¯x = (s˙3γ−1u cos θ, s˙3γ
−1
u sin θ, u). (47)
Using this in the y and z-components of (46) gives
s˙3 =
Gµ¯+ − µ¯3
µ¯+ −Gµ¯3 , (48)
where
G =
γ−1 cosα
γ−1u cos θ
=
√
(1− v2)(v2 cos2 α+ u2 sin2 α)
v2(1− u2) . (49)
From (45) one calculates u2, which then can be used in (49) and (48) to find s˙3. The result is a function of µ¯±, µ¯3
and α.
As mentioned before, u2 < v2, which implies that G < 1. From the triangle inequalities the denominator of (48) is
always positive. Hence the condition for junction formation to be kinematically possible, s˙3 > 0, is equivalent to
G >
µ¯3
µ¯+
(50)
which can be rewritten as
f(γ−1) ≡ A1γ−4 +A2γ−2 +A3 < 0, (51)
where
A1 = µ¯2+ cos
2 α
[
µ¯23 − µ¯2+ sin2 α− µ¯2− cos2 α
]
,
A2 = 2µ¯2+µ¯
2
− cos
2 α− µ¯43 − (2 cos2 α− 1)µ¯2+µ¯23,
A3 = µ43 − µ¯2+µ¯2−. (52)
Condition (51) can then be solved straightforwardly to obtain a condition on the values of v for which junction
formation is possible:
0 ≤ v2 < v2c (α), (53)
8(p2, q2) (p3, q3) µ¯3 Kinematic constraint Case
(p2, q2) = (+p1,+q1) (−2p1,−2q2) µ¯3 = 2
r
p21 +
“
q1
gs
”2
intercommutation allowed with no link A1
(p2, q2) = (−p1,−q1) (0, 0) µ¯3 = 0 intercommutation allowed with no link A2
(p2, q2) = (+p1,−q1) (−2p1, 0) µ¯3 = 2p1 γ−1 cosα ≥ 1√
1+q21/(g
2
sp
2
1)
A3
(p2, q2) = (−p1,+q1) (0,−2q1) µ¯3 = 2 q1gs γ
−1 cosα ≥ 1√
1+(p21g
2
s)/q˜
2
1
A4
TABLE I: Equal tension µ¯1 = µ¯2 scattering and the formation of an x-link. The charges of the 1st string are fixed and positive:
(p1, q1). The different possible charges (p2, q2) are given in the table, as are the charges of the joining (p3, q3) string. Note that
the formation of a y-link in case A1 is equivalent (by rotation by pi/2) to case A2; and similarly cases A3 and A4 are related
by a rotation by pi/2 (see also figure 1)
where the critical velocity, vc, also depends on µ¯1,2 and hence on the charges of the two colliding strings. Let us
denote by vmaxc the maximum value taken by vc as α varies from 0 to pi/2. As was shown in [13], v
max
c ≤ 1 only if
µ¯23 ≥ µ¯+|µ¯−| = |µ¯21 − µ¯22|. (54)
If this condition is satisfied by the tensions of the joining strings, then there is a velocity vmaxc above which the two
colliding strings will pass through each other rather than forming a junction.
We now study some physically interesting examples, namely collisions between (p, q)-strings in the low-lying energy
states, such as (0,1), (1,0), (±1,±1),. . . .
A. Example 1: collision of two strings of equal tension
Initially we consider the simplest case from the point of view of the formalism, namely the collision of strings of
the same tension µ¯1 = µ¯2 so that µ¯− = 0. Examples include colliding (1, 1) and (−1, 1) strings for example. Note
that condition (54) is always satisfied, so that a region of the (α, v) plane is always forbidden. Since µ¯− = 0 it is
straightforward to see from (44) and (45) that u = θ = 0. Thus G = γ−1 cosα and, provided the triangle inequalities
are satisfied, the kinematic constraint (50) is that
γ−1 cosα >
µ¯3
2µ¯1
(55)
(which one can verify is identical to condition (51)).
Now take the first string, string 1, to have given charges (p1, q1) which we take to be positive. String 2 has the
same tension and if gs 6= 1, then from (10), its charges in general are given by (p2, q2) = (±p1,±q1). These four cases
are summarised in table 1 and figure 1.
As noted in table 1, the collision of a (p1, q1) string with an identical (p1, q1) string (case A1) cannot lead to the
formation of a joining string with charges −2(p1, q1): this is forbidden since from (55) it can only take place for
v = 0 = α. Physically this is expected, since identical colliding (p, q) strings are expected to intercommute with each
other in the usual sense rather than forming a junction. A related phenomenon occurs when the collision is with an
antistring −(p1, q1) (case A2): then µ¯3 = 0 so that the linking string has zero tension. Again we expect the strings to
undergo a standard intercommutation, in that when the two identical strings meet they intercommute in the usual
fashion, simply exchanging partners. Indeed notice that both A1 and A2 are related to each other in that these two
initial configurations are the same, just rotated by 90o, the difference being that a prospective x-link for A2 is a y-link
for A1 and vice versa. The junction forms only in cases A3 and A4 and for small gs  1, the largest region of the
(α, v) plane is open to the collision of (p1, q1) with (p1,−q1) (case A3): that is, it is much more likely to form a
light joining p-string than a heavy joining q-string. The symmetry between the cases A3 and A4 under p → q and
gs → 1/gs is evident from the table. Physically this is expected, since F and D-strings are symmetric under string
theory S-duality where weak coupling is replaced by the strong coupling, i.e. gs → 1/gs.
B. Example 2: collision of an F-string with a D-string
The collision of F, (1,0), and D (0,1)-strings is probably the most interesting example in this analysis, as it is also
the basic building block for general (p, q) string collisions. The third string formed at the junction is a (1,1) string
9q1
q1
q1
q1
p1
p1
p1
p1
p1
q1
Case A1
Case A3
p1
q1
Case A4
v
string 1
string 2
v
p1
q1
p1
q1
p2
q1
p1
p1
2p1
2q1
2p1
0
0
2q1
q1
p1
q1
q1
FIG. 1: an x junction
FIG. 1: Schematic representation of the different cases considered in the text, all with µ¯1 = µ¯2 and for (p1, q˜1) fixed (and
positive). Note that the formation of a y-link in “case A3” is equivalent (by rotation by pi/2) to a considering the formation of
an x-link in “case A4”.
and from Eq. (52) one finds
A1 = 2g−3s cos
2 α(2 cos2 α− 1)(1 + gs)2,
A2 = 2g−3s
[
(1 + g2s)− 2 cos2 α(1 + gs)2
]
,
A3 = 4g−2s . (56)
We assume that the junction is an x-link and 2 cos2 α > 1. We then see that (51) has two positive roots, one bigger
than unity and one smaller than unity; denote the latter by γ−2c . The condition (51) for junction formation is thus
equivalent to γ−2c < γ
−2 < 1. In terms of velocity this is translated into 0 < v2 < v2c where
v2c =
(1 + g2s)− 4 cos2 α sin2 α(1 + gs)2 +
√
(1 + g2s)2 − 4 cos2 α sin2 α(1− g2s)2
2 cos2 α(1 + gs)2(2 cos2 α− 1) (57)
Note also that vc = 0 when α = pi/4 independent of gs. For α > pi/4 no x-link can be formed in this case, whatever
the values of gs or v.
Various limits are instructive here. First consider gs → 0, in which case vc = 1. In otherwords, half the (α, v)
plane is allowed. Physically, this means that a very heavy D-string can always exchange partners with a light F-
string.Furthermore, one also finds that u→ v and θ → α. The third string moves with a velocity approximately equal
and in a direction almost parallel to the incoming heavy D-string. A second interesting limit is when gs → 1 in which
case the F-string is almost as heavy as the D-string and µ¯− → 0. This limit was studied above since µ¯1 = µ¯2 and one
finds γ−1 cosα > 1/
√
2, and u ∼ θ ∼ 0.
10
C. Example 3: collision of an F-string with a (−1, 1) string
A further interesting example is the collision of (1,0) and (−1, 1) strings, with the third string being a D-string. In
this case
µ¯1 = 1, µ¯2 =
√
1 +
1
g2s
, µ¯3 =
1
gs
⇒ µ¯23 = |µ¯21 − µ¯22| (58)
so that the condition in (54) is saturated. As discussed in [13] there is no bound on v and one can show that
sin2 α <
1
2
(
1 +
gs√
1 + g2s
)
(59)
The mirror image of the above example is the collision of (0,1) and (1,−1) strings, where the third string is a light
F-string. Again this case satisfies the bound (54) so that there is no constraint on v. This time, however,
sin2 α <
1
2
(
1 +
1√
1 + g2s
)
(60)
The symmetry between (59) and (60) under gs → 1/gs is evident. As explained before, this is a consequence of
symmetry between F and D-strings under S-duality where gs → 1/gs. Now a much larger region of the (α, v) plane
is therefore open when the joining string is lighter.
V. COLLISIONS IN A WARPED BACKGROUND
Our analysis for the collision of cosmic strings in a flat space-time can also be generalized to the collision of cosmic
superstrings in a warped throat. This is of great interest because in models of warped brane inflation [4] the inflation
takes place inside a warped throat and cosmic superstrings produced at the end of inflation are located at the bottom
of the throat.
To be specific, we study the collision of (p, q)-strings in the Klebanov-Strassler (KS) throat [18] which is a warped
deformed conifold. At the tip of the throat, where we assume the strings are located, the internal geometry ends on
a round three-sphere and the metric is given by
ds2 = h2ηµνdxµdxν + gsMα′(dψ2 + sin2 ψ dΩ22), (61)
where h is the warp factor at the bottom of the throat. Here ψ is the usual polar coordinate on a S3, ranging from
0 to pi, and M is the number of Ramond-Ramond F(3) fluxes turned on inside this S3. At the tip of the throat the
two-form C(2) corresponding to the three form F(3) is given by
C(2) = Mα′
(
ψ − sin(2ψ)
2
)
sin θ dθ dφ. (62)
As studied in [19], (see also [20, 21] for its dual prescription), a (p, q)-string in the KS throat is constructed from a
wrapped D3-brane with q units of magnetic fluxes and p units of electric fluxes turned on in its world volume. The
D3-brane is wrapped around a S2 inside the S3, where each S2 is determined by a slice of constant ψ, given by
ψ =
pip
M
. (63)
After integrating the contribution from the wrapped dimensions of the brane, and imposing the conformal gauge, the
action for a (p, q)-string extended along the z-direction is:
S =
∫
dt dz
(
−∆
√
h4x′2(1− x˙2)− λ2F 20z + ΩF01
)
, (64)
where, as opposed to the flat metric, there is now a non-zero contribution from the Chern- Simons term;
Ω ≡ λµ3
∫
S2
C(2) =
M
pi
[
pip
M
− 1
2
sin
(
2pip
M
)]
(65)
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and
∆ ≡ µ3g−1s
∫
S2
√
gθθgφφ + λ2F 2θφ
= λ−1
√
M2
pi2
sin4
(pip
M
)
+
q2
g2s
. (66)
Here gθθ and gφφ are the angular parts of the metric of S2 in (61) and µ3 = 1/(2pi)3α′2 is the D3-brane charge. Note
that if we turn off the Chern-Simons term, ∆ reduces to the tension of q coincident D-strings given by |q|/λgs.
Comparing the action in Eq. (64) with the action of a string in a flat background, ∆ plays the role of the bare
tension, i.e. µi as in Eq. (4). Furthermore, the term containing Ω in Eq. (64) corresponds to a modification to the
conjugate electric charge, p = δL/δFtz , due to the background flux. Constructing the Hamiltonian, one can check
that the tension of the (p, q)- strings is equal to µ¯/λ where
µ¯ = h2
√
q2
g2s
+
M2
pi2
sin2
(pip
M
)
. (67)
In the limit where M → ∞, the formula above reduces to the tension of a (p, q) strings in a flat background given
by Eq. (10). This is expected, since in this limit the size of S3 at the bottom of the throat is very large and one
effectively deals with a flat background. Furthermore, the tension of string is warped by two powers of warp factor,
as expected.
The formation of a junction in a KS throat at the static level was studied in [17], where it is shown that the method
of wrapped D3-brane can be used for the collision of (0, q1) and (p2, q2) strings. Here we would like to study the
collision of an F-string and a D-string in the KS throat, which would be the generalization of F and D-strings collision
studied in previous section.
Following the same strategy as in the flat background, the action of (0,1), (1,0) and (−1,−1) strings forming a
junction is
S = −∆i
∫
dτ dσ
(√
h4x′2(1− x˙2)− λ2F iτσ2 + ΩiF iτσ
)
θ (si(τ)− σ)
+
∑
i
∫
dτ
(
fi.
[
Xi(si(τ), τ)− X¯(τ)
]
+ gi
[
Aiτ (si(τ), τ) + s˙iA
i
σ(si(τ), τ)− A¯(τ)
])
. (68)
The results in sections II and III formally go through with µ¯i now given in Eq. (67) and
µ¯1 = h2g−1s , µ¯2 = h
2M
pi
sin
pi
M
, µ¯3 = h2
√
g−2s +
M2
pi2
sin2
pi
M
. (69)
Constructing the coefficients A1, A2 and A3 from Eq. (52) one can check that Ai have the same value as in Eq. (56)
if gs → g¯s, where
g¯s =
M
pi
sin
( pi
M
)
gs. (70)
This indicates that the bound on the incoming velocity, vc, is given by the same expression as in Eq. (57) where now
gs is replaced by g¯s.
VI. CONCLUSIONS
The very attractive brane inflation scenario leads naturally to the formation of cosmic (p, q)-superstrings. In this
paper we have studied the behaviour of these strings at a three-string junction, and the constraints that determine
whether colliding strings can exchange partners. Constraints very similar to those found earlier for NG strings apply
here too, but in addition to the energy-momentum conservation constraint (17) we also have two other conservation
laws, (18) and (23). Moreover the parameter µ¯i appearing in (17) is the tension of the (pi, qi)-string rather than µi,
the tension of qi coincident D-branes which multiplies the action in (4). We also briefly examined the effect of non-
trivial background geometry, in particular the effect of warping in a KS throat. Here we showed that the kinematic
constraints are again of the same form but with transformed effective-tension parameters, given by (69).
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FIG. 2: 〈s˙i〉 as a function of gs. Red: i = 1. Blue i = 3, green i = 2.
Our results may be important in studies of the evolution of a network of (p, q)-strings [22]. For instance, one can
investigate some average properties of a network, such as 〈s˙i〉 and 〈x˙2i 〉 as discussed in [13] for NG strings. It is easy
to see that the explicit expressions given in that paper for, for example 〈s˙i〉, go through to (p, q) junctions provided
one replaces µi → µ¯i. Therefore we again expect vertices move along the strings in such a way as to increase the
length of the lightest strings: This is shown in figure 2 where we plot 〈s˙i〉 for
(p1, q1) = (+1, 0), (p2, q2) = (0,±1) (p3, q3) = (−1,∓1) (71)
as a function of gs. (Note that these are chosen so that µ¯1 ≤ µ¯2 < µ¯3 with the equality holding when gs = 1).
There are a number of directions in which this work could be taken. They include using our new results to look at
the effect of lensing on string junctions, and to look for a class of exact loop configurations that would allow us to
determine the distinct gravitational wave emission from such objects. Perhaps the most significant use though would
be as an input into detailed simulations of a network of (p, q) strings, because as we have seen they throw up novel
features that are not present in the case of ordinary abelian cosmic strings.
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